ABSTRACT This paper studies the k-fractional analogue of the Caputo fractional derivatives, their properties, and applications. A convolution of two functions instead of the product is analyzed by means of Caputo k-fractional derivatives. By virtue of defined convolution Chebyshev type, inequalities have been investigated. Moreover, Hadamard Caputo fractional inequalities have been estimated by using definition of quasi-convex functions.
I. INTRODUCTION
Fractional calculus is the calculus of integrals and derivatives of any arbitrary order (real or complex). Fractional calculus has gained considerable popularity and importance during the past few decades, which is due to its demonstrated applications in numerous fields of science and engineering. In fractional calculus integral inequalities are very important for studying existence, uniqueness and other properties of fractional differential equations. Formulation of fractional integral operators provides the formulas for fractional integrals as well as fractional derivatives. For the general results in fractional calculus we suggest the readers [9] , [10] , [15] - [17] and their cited references. In this context RiemannLiouville fractional integrals and fractional derivatives are the basis of fractional calculus [15] . Caputo fractional derivative operator provides an improved formula for fractional derivatives. Caputo fractional derivatives are defined as follows [2] , [6] :
Definition 1: Let α > 0 and α / ∈ {1, 2, 3, . . .}, n = [α]+1, f ∈ AC n [a, b] , the space of functions having nth derivatives absolutely continuous. The left-sided and the rightsided Caputo fractional derivatives of order α are defined as follows:
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where (.) is the notation for gamma function. If α = n ∈ {1, 2, 3, . . .} and derivative f (n) (z) of order n exists, then Caputo fractional derivative ( C D α a+ f )(z) coincides with f (n) (z), whereas ( C D α b− f )(z) coincides with f (n) (z) with exactness to a constant multiplier (−1) n . In particular we have
Caputo k-fractional derivatives are slight extensions of Caputo fractional derivatives [7] :
Definition 2: Let α > 0, k ≥ 1 and α / ∈ {1, 2, 3, . . .}, n = [α] + 1, f ∈ AC n [a, b] . The left-sided and right-sided Caputo k-fractional derivatives of order α are defined as follows:
and
where k (.) is the notation of k-gamma function.
If α = n ∈ {1, 2, 3, . . .} and usual derivative f (n) (z) of order n exists, then Caputo k-fractional derivative ( C D n,1 a+ f )(z) coincides with f (n) (z) whereas ( C D n,1 b− f )(z) coincides with f (n) (z) with exactness to a constant multiplier (−1) n . In particular we have
For k = 1, Caputo k-fractional derivatives produce Caputo fractional derivatives. In [8] Caputo k-fractional derivatives of convolution f 1 * f 2 of two functions f 1 and f 2 are defined as follows:
For k = 1, the above expressions give Caputo fractional derivatives of convolution f 1 * f 2 of two functions f 1 and f 2 .
For the last decades, researchers have been investigated fractional versions of many known integral inequalities via fractional integral operators [4] , [11] - [13] . For integral inequalities of Hadamard type involving Caputo k-fractional and fractional derivatives see, [3] , [5] - [8] , [14] , and [18] .
In establishing Fejér-Hadamard type inequalities there was a need to define Caputo fractional derivatives for product of two functions due to presence of nth derivative in the integrand which is not multiplicative. Therefore, a room was present to define convolutions of two functions instead of product which are formulated in (6) and (7) . Hence by applying these convolutions authors were succeeded in the establishment of Fejér-Hadamard type inequalities see [6] , [8] , and [18] . Moreover in recent study these convolutions proved much helpful for the establishment of Chebyshev inequality along with its extension see, Theorems 3 and 4.
Moreover, it is noted that convolutions of functions f 1 and f 2 defined in (6) and (7) can be analyzed as further generalization of the Caputo k-fractional derivatives which is shown as follows:
Let f 2 (x) = 
2 (x) = 1, therefore by using value of the function f 2 in (6) and (7), definitions of Caputo k-fractional derivatives given in (3) and (4) can be achieved.
In the subsequent we recall convex function, quasi-convex function and the Hadamard inequality:
A finite convex function which is defined on a closed interval is bounded above by maximum of its values at the end points, but converse needs not be true. This fact motivates to give the room to define another class of functions called quasi-convex functions.
Definition 4: A function f : I ⊂ R → R is said to be quasi-convex if ∀ a, b ∈ I and t ∈ [0, 1], we have
An alternative way of analyzing convex functions is the Hadamard inequality:
holds for convex function g : I → R, where a, b ∈ I , a < b. A Caputo fractional version of the Hadamard inequality is studied in [6] which is stated in subsequent theorem.
. Also let g (n) be positive and convex function on [a, b] . Then following inequality holds for Caputo fractional derivatives:
An analogue Caputo k-fractional version of the Hadamard inequality is studied in [8] and stated in the following theorem:
Then following inequality holds for Caputo k-fractional derivatives:
The following identities have been used in establishing the bounds of the Caputo fractional as well as k-fractional versions of the Hadamard inequalities (see, [6] and [8] Lemma 1 [6] :
Then following equality holds for Caputo fractional derivatives:
Lemma 2 [8] :
Then following equality holds for Caputo k-fractional derivatives:
We also need the following lemma [6] : Lemma 3: For 0 < λ ≤ 1 and 0 ≤ x < y, we have
The aim of this research is to study k-fractional Caputo derivatives in aspects of their properties and applications in inequalities point of view. In Section 2, we have found some properties of Caputo k-fractional derivatives, similarly convolution of two functions for Caputo fractional derivatives is studied. A Chebyshev inequality and its extension via this convolution have been proved for Caputo k-fractional derivatives. In Section 3, a bound of sum of left and right sided Caputo k-fractional derivatives has been established for quasi-convex functions. Various bounds of Caputo k-fractional and fractional Hadamard inequalities given in Theorems 1 and 2 have been investigated via quasi-convex functions.
II. PROPERTIES OF CAPUTO k-FRACTIONAL DERIVATIVES
First we prove linear property of Caputo k-fractional derivatives. Lemma 4: The Caputo k-fractional derivatives are linear operators i.e.
where λ, µ ∈ C.
Proof: Using the definition of Caputo k-fractional derivatives, we have
Since the classical integer order derivative is linear operator. The above equation can be written as
dt, which gives the required formula (13) . Similarly, formula (14) holds.
Furthermore, we find the Caputo k-fractional derivative of a power function at points x = a, b. For this we need some properties of gamma and beta functions as follows:
The following formulas for the Caputo k-fractional derivative of a power function at point x = a, b hold:
Proof: By definition of Caputo k-fractional derivative we have
Taking the nth derivative of (t − a) p , we can write
Using properties of gamma function we obtain
dt.
Using the definition of k-beta function, we obtain
. Using properties (ii), (iii) of the gamma function and (iv) of the k-beta function we get the required formula (15) . Similarly, formula (16) can be proved.
Next we would like to introduce new Chebyshevtype inequalities and Chebyshev functional for Caputo k-fractional derivatives.
Theorem 3:
Proof: As the functions f (n) and g (n) have the same monotonicity, therefore ∀ u, v ≥ 0 we have
This gives the following inequality:
Multiplying ( 
Using the definition of Caputo k-fractional derivatives and convolution of functions in Caputo k-fractional derivatives, we obtain the following inequality:
Multiplying above inequality by (x −v) n− α k −1 and integrating with respect to v over [a, x], we get
Again using the definition of Caputo k-fractional derivatives and convolution of functions in Caputo k-fractional derivatives, we obtain the following inequality:
. From which the required inequality in (17) can be achieved.
Corollary 1: For Caputo fractional derivatives the following inequality holds:
Remark 1: Chebyshev functional for Caputo k-fractional derivatives is defined as
It is clear that when f (n) and g (n) have same monotonicity, we have
For k = 1, we obtain Chebyshev functional for Caputo fractional derivatives. 
Proof: For m = 2, (23) takes the following form:
which holds true by Theorem 3. Suppose that (23) holds true for m − 1, then using (23) the following inequality holds:
Now, by using Theorem 3 we have
. (26) Using (25), the required inequality in (23) can be achieved. Corollary 2: For Caputo fractional derivatives the following inequality holds:
(27) 
where m ∈ [0, ∞] and p ≥ n. Proof: Suppose a function h(x) := g(x) − m(x − a) p . As g is n-times differentiable function, therefore nth derivative of h also exists. Using Theorem 3, we can write
Using Lemma 4, linear property of Caputo k-fractional derivatives, we get
Using the expression (29) in (29), we obtain
Using the formula for
From which the required inequality in (28) can be achieved.
Corollary 3: The following inequality for Caputo fractional derivatives holds:
− m
where m ∈ [0, ∞] and p ≥ n.
In the next section Hadamard-type inequalities for a function whose nth derivative is quasi-convex have been established.
III. BOUNDS OF CAPUTO FRACTIONAL DERIVATIVES AND HADAMARD INEQUALITIES VIA QUASI-CONVEX FUNCTION
Firstly, we establish the bounds of the sum of left and right Caputo fractional derivatives by using quasi-convex function. Furthermore, bounds of the Caputo fractional Hadamard inequalities have been investigated. Theorem 6: Let g : [a, b] → R be a real valued function such that g ∈ AC n [a, b] . Also let g (n) be a quasi-convex function on [a, b] . Then following inequality holds for Caputo fractional derivatives:
Proof: It is given that g (n) is quasi-convex on [a, b], therefore for t ∈ [0, 1] we have the following inequality:
Multiplying (31) with t n−α−1 and integrating with respect to t over [0, 1], we get
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Taking x = ta + (1 − t)b, y = (1 − t)a + tb and then after simplification, we obtain
The following inequality is yielded:
By using the definition of Caputo fractional derivatives the required inequality (30) can be achieved. [a, b] . Also let g (n+1) be a quasi-convex function on [a, b] . Then following inequality holds for Caputo fractional derivatives:
Proof: Using Lemma 1, the following inequality holds:
As g (n+1) is quasi-convex, therefore one can obtain
The above inequality can be written as
Evaluating the last integrals inequality in (33) can be achieved. [a, b] . Also let g (n+1) q , where q > 1, be a quasiconvex function on [a, b] . Then following inequality holds for Caputo fractional derivatives:
,
Using Lemma 1, we found that
Furthermore, by using Holder's inequality on the right hand
one can obtain
Using Lemma 3, and definition of quasi-convex function, we have
from which the required inequality can be achieved. 
Proof: Using power mean inequality on right hand side of (35) we found that
Using the definition of quasi-convex function above inequality yielded
from which after using Lemma 3, the required inequality can be achieved. 
